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AN ALGEBRAIC CHARACTERISATION FOR FINSLER METRICS OF
CONSTANT FLAG CURVATURE
IOAN BUCATARU AND DAN GREGORIAN FODOR
Abstract. In this paper we prove that a Finsler metrics has constant flag curvature if and only
if the curvature of the induced nonlinear connection satisfies an algebraic identity with respect
to some arbitrary second rank tensors. Such algebraic identity appears as an obstruction to the
formal integrability of some operators in Finsler geometry, [4, 7]. This algebraic characterisation
for Finsler metrics of constant flag curvature allows to provide yet another proof for the Finslerian
version of Beltrami’s Theorem, [2, 3].
1. Introduction
Riemannian metrics of constant curvature are well understood and classified. However, one
still can find new characterisations that shed new light on this topic. In this work we consider a
connected manifold, with dimM > 2. In [9], the following characterisation is proposed.
A manifold is a constant curvature manifold if and only if
bimR
m
ljk + bkmR
m
lij + bjmR
m
lki = 0,(1.1)
for all symmetric tensors b.
The geometric motivation of this characterisation is as follows, [8]. If X and Y are two eigenvec-
tors of a symmetric tensor b that satisfies (1.1), then the curvature operator preserves the subspace
generated by he bivector X∧Y . Since at any point p ∈M , the sectional curvature, in the direction
of the plane P = span{X,Y } ⊂ TpM , can be viewed as
κp(X ∧ Y ) =
Rp(X,Y,X, Y )
‖X‖2p‖Y ‖
2
p− < X, Y >
2
p
=
< X ∧ Y,R(X ∧ Y ) >p
‖X ∧ Y ‖2p
,
it follows that for such eigenvectors, κ does not depend on X ∧ Y . Having enough symmetric
tensors satisfying (1.1), we obtain that κ is independent of any 2-plane and using Schur’s lemma
we have that the sectional curvature is constant.
This algebraic characterisation for Riemannian metrics of constant curvature can be used to
provide a very simple and direct proof of Beltrami’s Theorem. If two Riemannian metrics are
projectively equivalent, then their curvature tensors are related by
R˜hijk = R
h
ijk + ψijδ
h
k − ψikδ
h
j ,
for some symmetric tensor ψij . Since ψijδ
h
k − ψikδ
h
j automatically satisfies (1.1) it follows that R˜
satisfies (1.1) if and only R satisfies (1.1).
In this paper we provide a similar algebraic characterisation for Finsler metrics of constant flag
curvature. For a manifold M , we consider (TM, pi,M) its tangent bundle and denote by T0M =
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TM \ {0}, the tangent space with the zero section removed. We note that the second iterated
tangent bundle has two vector bundle structures over TM , (TTM, τ, TM) and (TTM,Dpi, TM).
In Finsler geometry, most of the geometric structures live either on TM or T0M . The tangent
structure (or vertical endomorphism) is the (1, 1)-type tensor field J on TM defined as
J(u) = (τ(u) + tDpi(u))
′
(0), ∀u ∈ TM.
For a Finsler metric F , we denote by S ∈ X(T0M) its geodesic spray. We consider the geometric
setting induced by S, [6, 12], with h the horizontal projector on T0M and
R =
1
2
[h, h],
the curvature (Fro¨licker-Nijenhuis) tensor of the horizontal distribution.
The vector valued, semi-basic 2-form R induces an algebraic derivation iR of degree 1. We are
interested on its action on the space of 2-forms, given by iR : Λ
2(T0M)→ Λ
3(T0M),
iRω(X,Y, Z) = ω(R(X,Y ), Z) + ω(R(Z,X), Y ) + ω(R(Y, Z), X), ∀X,Y, Z ∈ X(T0M).
The Hessian of the energy of a Finsler metric F gives a symmetric, second rank positive-definite
tensor that can be used to define scalar products on any tensor space on T0M .
The flag curvature of a Finsler metric F , in the direction of the flagpole y and the tangent plane
P = span{y,X} ⊂ TxM , can be defined as
κ(x,y)(y ∧X) =
< y ∧X, y ∧R(y ∧X) >(x,y)
‖y ∧X‖2(x,y)
.(1.2)
A Finsler metric has scalar flag curvature if the flag curvature κ does not depend on the flag P
and it has constant flag curvature if the function κ is constant. In view of formula (1.2), we can
see that a Finsler metric has scalar (constant) flag curvature if and only if y ∧R(y ∧X) = κy ∧X ,
for some function (constant) κ and any flag P = span{y,X}.
In Finsler geometry there are various characterisations for metrics of constant flag curvature
using someWeyl-type curvature tensors [1, 2, 11]. In this paper we will prove the following algebraic
characterisation for Finsler metrics of constant flag curvature.
Theorem 1.1. A Finsler metric is of constant flag curvature if and only if
iRω = 0, ∀ω ∈ Λ
2(T0M), satisfying iJω = 0.(1.3)
As we will see in the proof of Theorem 1.1, the condition (1.3) can be written locally as
bimR
m
jk + bkmR
m
ij + bjmR
m
ki = 0, ∀bij symmetric.
The condition (1.3) appears as a first order obstruction to the formal integrability of the pro-
jective metrizability problem [4, Theorem 4.3], and as a second order obstruction to the formal
integrability of the Euler-Lagrange operator [7, §5.2].
We will use the algebraic characterisation from Theorem 1.1 to provide a new proof for the
Finslerian version of Beltrami’s theorem studied in [2, 3].
2. Finsler Metrics and their curvature tensors
In this work, we consider M a smooth, n-dimensional, connected manifold, with n > 2. We
denote by (TM, pi,M) the tangent bundle, while T0M = TM \ {0} denotes the tangent space with
the zero section removed. We will use (xi) to denote local coordinates on M and (xi, yi) for the
induced local coordinates on TM .
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The canonical submersion pi induces a regular, n-dimensional, integrable distribution V TM =
Ker(Dpi), which is called the vertical distribution. There is a canonical vertical vector field C =
yi∂/∂yi, called the Liouville vector field, or the dilation vector field. The vertical endomorphism
has the following local expression J = dxi ⊗ ∂/∂yi.
In this work, we use the Fro¨licker-Nijenhuis theory of derivations as it is developed in [7, Ch.
2]. For a vector valued k-form K, we denote by iK the i∗-derivation of degree k − 1, and by dK
the d∗-derivation of degree k. For two vector valued k and l-forms K and L, we consider the
Fro¨licker-Nijenhuis bracket [K,L], which is a vector valued (k + l)-form.
Definition 2.1. A Finsler metric is a continuous, positive function F : TM → R that satisfies:
i) F is smooth on T0M ;
ii) F is positively homogeneous in the fiber coordinates: F (x, λy) = λF (x, y), ∀λ > 0;
iii) the Hessian of the energy function:
gij(x, y) =
1
2
∂2F 2
∂yi∂yj
(x, y)(2.1)
is non-degenerate.
The homogeneity condition ii) of a Finsler metric implies, using Euler’s Theorem, that
F 2(x, y) = gij(x, y)y
iyj, gijy
j =
1
2
∂F 2
∂yi
.
The regularity condition iii) from the definition of a Finsler metric assures that ddJF
2 is a sym-
plectic structure on T0M . Therefore, there is a unique vector field S ∈ X(T0M), satisfying
iSddJF
2 = −dF 2.(2.2)
S is called the geodesic spray of the Finsler metric, and it is given locally by
S = yi
∂
∂xi
− 2Gi
∂
∂yi
.
To the geodesic spray we associate the horizontal projector, [6],
h =
1
2
(Id−[S, J ]) =
(
∂
∂xi
−N ji (x, y)
∂
∂yj
)
⊗ dxi, N ij =
∂Gi
∂yj
.(2.3)
The equation (2.2) that uniquely gives the geodesic spray S of a Finsler metric F is equivalent to
the following equation:
dhF
2 = 0.(2.4)
The image of the horizontal projector h, HTM , is a regular n-dimensional distribution that is
supplementary to the vertical distribution V TM . The obstruction to the integrability of the
horizontal distribution is given by the curvature tensor:
R =
1
2
[h, h] = Rijk(x, y)
∂
∂yi
⊗ dxj ∧ dxk.
In this work we will use the following properties of the curvature tensor R:
R1) Vector-valued, semi-basic 2-form: R(X,Y ) = −R(Y,X) = R(hX, hY ), ∀X,Y ∈ X(T0M);
R2) Satisfies first Bianchi identity: [J,R] = 0;
R3) Satisfies second Bianchi identity: [h,R] = 0.
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In Finsler geometry, there are some other useful curvature tensors. One is the Jacobi endomor-
phism, Φ = v ◦ [S, h], connected to the curvature tensor R by the following formulae:
Φ = iSR, 3R = [J,Φ].
Similar to the notion of sectional curvature from Riemannian geometry, in Finsler geometry we
have the concept of flag curvature. For (x, y) ∈ T0M , consider the 2-dimensional plane P ⊂ TxM ,
P = span{y,X}. The flag curvature of the flag {P, y} can be defined as, [10],
κ(x,y)(y ∧X) =
X igilR
l
jky
jXk
gijyiyjgijX iXj − (gijyiXj)2
=
< y ∧X, y ∧R(y ∧X) >(x,y)
‖y ∧X‖2(x,y)
.(2.5)
We say that a Finsler metric F has scalar flag curvature (SFC) if the flag curvature κ = κ(x, y)
does not depend on the flag P , and it has constant flag curvature (CFC) if the flag curvature κ is
a constant. In recent years many geometers obtained new characterisations for Finsler metrics of
constant flag curvature, [1, 2, 11], using some Weyl-type curvature tensors.
3. Proof of Theorem 1.1
In this section, we will provide the proof of Theorem 1.1 using the following lemma that char-
acterises Finsler metrics of constant flag curvature.
Lemma 3.1. A Finsler metric has constant flag curvature if and only if there exists a semi-basic
1-form ξ such that
R = ξ ∧ J.(3.1)
Proof. Assume that the Finsler metric F has constant flag curvature κ. Then, we can rewrite
formula (2.5) as follows:
gilR
l
jky
jX iXk = κ
(
F 2gik − gily
lgjky
j
)
X iXk, ∀X i, Xk.
Above formula implies
gilR
l
jky
j = κ
(
F 2gik − gily
lgjky
j
)
,(3.2)
since both sides are symmetric second rank tensors. We denote by Rl0k := R
l
jky
j , the components
of the Jacobi endomorphism Φ = iSR. In terms of the Jacobi endomorphism, formula (3.2) can
be expressed as follows
Rl0k = κ
(
F 2δlk − gjky
jyl
)
.(3.3)
Using the fact that one can recover the curvature tensor from the Jacobi endomorphism, R =
[J,Φ]/3, we get from formula (3.3), the following expression for the curvature tensor:
Rljk =
1
3
(
∂Rl0k
∂yj
−
∂Rl0j
∂yk
)
= κ
(
gsjy
sδlk − gsky
sδjl
)
.
If we consider the semi-basic 1-form ξ = κdJF
2/2 = κFdJF = κgisy
sdxi, then the curvature
tensor R is given by formula (3.1).
We assume now that for the curvature tensor R there is a semi-basic 1-form ξ that satisfies
formula (3.1). Using formula (2.4), as well as the form of the curvature tensor, we obtain
0 = d2hF
2 = dRF
2 = dξ∧JF
2 = ξ ∧ dJF
2.
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From the last formula we obtain that the semi-basic 1-forms ξ and dJF
2 are proportional and
hence there exists κ ∈ C∞(T0M) such that ξ = κdJF
2/2. Hence, the curvature tensor is given by
R =
κ
2
dJF
2 ∧ J.
The curvature tensor satisfies the first Bianchi identity [J,R] = 0, which implies dJξ ∧ J = 0. We
take the trace of this vector-valued 3-form to obtain (n− 2)dJξ = 0, that gives dJξ = 0, since we
made the assumption that n > 2. From the expression of the curvature 1-form ξ, we obtain that
dJκ = 0.
The curvature tensor also satisfies the second Bianchi identity [h,R] = 0, which yields dhξ∧J =
0. Again we take the trace to obtain (n−2)dhξ = 0, which in view of our assumption regarding the
dimension, gives dhξ = 0. Using the expression of the curvature 1-form ξ, we obtain that dhκ = 0.
The two conditions dJκ = 0 and dhκ = 0 assures that κ is a constant, [12, Theorem 9.4.11]. For
this constant, the curvature tensor R satisfies formula (2.5) and therefore the Finsler metric has
constant sectional curvature κ. 
One can view Lemma 3.1 as a reformulation, in dimension n ≥ 3, of the Finslerian version of
Schur Lemma [3, Theorem 3.2], the expression (3.1) of the curvature tensor contains two informa-
tion: the geodesic spray is isotropic and the curvature 1-form ξ satisfies dJξ = 0.
3.1. Proof of Theorem 1.1. We provide now the proof of Theorem 1.1. The simplest implication
is the sufficiency. We assume that the Finsler metric has constant flag curvature. Then, using
Lemma 3.1, the curvature tensor is given by R = ξ ∧ J , for some semi-basic 1-form ξ. For any
ω ∈ Λ2(T0M), satisfying iJω = 0, we have
iRω = iξ∧Jω = ξ ∧ iJω = 0.
We assume now that for a Finsler metric F , its curvature tensor R satisfies the identity (1.3),
iRω = 0, ∀ω ∈ Λ
2(T0M) with iJω = 0.
We first characterise the 2-forms ω satisfying the condition iJω = 0. For arbitrary vector fields
X,Y ∈ X(T0M), it means
ω(JX, Y ) + ω(X, JY ) = 0.
If Y = JZ is a vertical vector field, it follows that ω(JX, JZ) = 0. Therefore ω vanishes on any
pair of vertical vector fields (the vertical distribution is a Lagrangian distribution for ω). Consider
{dxi, δyi := dyi +N ijdx
j} a local basis, adapted to the horizontal and vertical distributions. With
respect to this basis, a 2-form ω satisfying iJω = 0 can be expressed as
ω = aijdx
i ∧ dxj + bijdx
i ∧ δyj .
Since iJω = (bij − bji)dx
i ∧ dxj , the condition iJω = 0 implies bij = bji. We have now
iRω =
(
bimR
m
jk + bkmR
m
ij + bjmR
m
ki
)
dxi ∧ dxj ∧ dxk.
Hence, the identity (1.3) is satisfied if and only if
bimR
m
jk + bkmR
m
ij + bjmR
m
ki = 0,(3.4)
for any symmetric tensor bij . The identity (3.4) can be written in the following equivalent form
bsl
(
δsiR
l
jk + δ
s
kR
l
ij + δ
s
jR
l
ki
)
= 0, ∀bsl.
The above identity implies that that the (2, 3) type tensor δsiR
l
jk+δ
s
kR
l
ij+δ
s
jR
l
ki is skew-symmetric
in the 2 contravariant indices. This means
δsiR
l
jk + δ
s
kR
l
ij + δ
s
jR
l
ki + δ
l
iR
s
jk + δ
l
kR
s
ij + δ
l
jR
s
ki = 0.(3.5)
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For the (1, 2)-type curvature tensor R, we consider its trace, the semi-basic 1-form (n − 1)ξk :=
Rssk = −R
s
ks. In (3.5), if we take the trace i = s, we obtain:
nRljk +R
l
kj +R
l
kj +R
l
jk − (n− 1)δ
l
kξj + (n− 1)δ
l
jξk = 0.
Last formula can be written as
Rljk = ξjδ
l
k − ξkδ
l
j ,
which means that the curvature tensor R is given by formula (3.1) and in view of Lemma 3.1, we
obtain that the Finsler metric has constant flag curvature.
The above proof of the Theorem 1.1 can be used to provide a similar result for an arbitrary
semi-basic, vector valued 2-form K on T0M , not necessary the curvature tensor R.
Proposition 3.2. A semi-basic, vector valued 2-form K on T0M satisfies the identity
iKω = 0, ∀ω ∈ Λ
2(T0M), iJω = 0(3.6)
if and only if there exists a semi-basic 1-form ξ ∈ Λ1(T0M) such that
K = ξ ∧ J.(3.7)
The semi-basic 1-form ξ = ξidx
i from formula (3.7), if it exists, it is unique, being given by
(n− 1)ξi = K
j
ji = −K
j
ij.
3.2. A new proof of the Finslerian version of Beltrami’s Theorem. Two Finsler metrics F
and F˜ are projectively related if their geodesics coincide as unparameterised oriented curves, their
geodesic sprays S and S˜ being related by S˜ = S − 2PC. The function P ∈ C∞(T0M) is positively
1-homogeneous in the fiber coordinates and it is called the projective factor.
We will use now the algebraic characterisation for Finsler metrics of constant flag curvature
given by Theorem 1.1 to provide another proof of the Finslerian version of Beltrami’s Theorem.
Theorem 3.3. Consider F and F˜ two projectively related Finsler metrics and asume that one of
them is of constant flag curvature. Then, the other metric is of constant curvature as well if and
only if the projective factor P satisfies the Hamel equation dhdJP = 0.
Proof. For two projectively related Finsler metrics F and F˜ , their curvature tensors R and R˜ are
related by [5, (4.8)]
R˜ = R+ η ∧ J − dJη ⊗ C, η = PdJP − dhP.(3.8)
We assume that the Finsler metric F has constant flag curvature and hence we obtain that the
curvature tensor R is given by R = ξ ∧ J . Then formula (3.8) can be written as follows
R˜ = (ξ + η) ∧ J − dJη ⊗ C.(3.9)
Using this form of the curvature tensor R˜ and Theorem 1.1, we obtain that F˜ has constant curvature
if and only if dJη = 0. Since dJη = dhdJP , we have that F˜ has constant flag curvature if and only
if the projective factor P satisfies Hamel’s equation dhdJP = 0. 
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